Introduction {#Sec1}
============

In the recent decade, the study of convex functions and convex sets has developed rapidly because of its use in applied mathematics, specially in non-linear programming and optimization theory. Furthermore, the elegance shape and properties of a convex function develop interest in studying this branch of mathematics. But the classical definitions of convex function and convex set are not enough to overcome advanced applied problems. In the last few years, many efforts have been made on generalization of the notion of convexity to meet the hurdles in advanced optimization theory. Among many generalizations, some are quasi convex \[[@CR1]\], pseudo convex \[[@CR2]\], logarithmically convex \[[@CR3]\], n-convex \[[@CR4]\], delta convex \[[@CR5]\], s-convex \[[@CR6]\], h-convex \[[@CR7]\], mid convex \[[@CR8]\] and \[[@CR9]--[@CR14]\]. The function $\documentclass[12pt]{minimal}
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In the present paper, we deal with a delta 6-convex function. We derive some basic properties of the delta 6-convex function under certain conditions. Moreover, we approximate an arbitrary delta 6-convex function by smooth ones and derive weighted energy estimates for the derivative of delta 6-convex function.

Definition 1.1 {#FPar1}
--------------

(\[[@CR18]\] Delta convex function)
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Definition 1.2 {#FPar2}
--------------

(Delta 6-convex function)
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The following proposition gives some basic properties of the delta 6-convex function.

Proposition 1.3 {#FPar3}
---------------
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                \begin{document}$f\circ g$\end{document}$ *is also a delta* 6-*convex function*.

Proof {#FPar4}
-----

The proof of the proposition is straightforward. □

Approximation of a smooth delta 6-convex function and the statement of the main result {#Sec2}
======================================================================================

First we define the mollification of an arbitrary delta 6-convex function in $\documentclass[12pt]{minimal}
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Let *f* be a delta 2-convex function, 4-convex function, and 6-convex function. We have to show that $\documentclass[12pt]{minimal}
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Theorem 2.1 {#FPar5}
-----------

*Let f*(*x*) *be an arbitrary delta* 6-*convex function over the interval I*. *Also*, *let f*(*x*) *be delta* 4-*convex and delta* 2-*convex*, *then the following holds*: $$\documentclass[12pt]{minimal}
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Remark 2.2 {#FPar6}
----------
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Proof {#FPar7}
-----
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Some basic results and proof of the main result {#Sec3}
===============================================
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Lemma 3.1 {#FPar8}
---------
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The results of 4-convex functions are established in \[[@CR16]\].

Lemma 3.2 {#FPar9}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x)$\end{document}$ *be both* 4-*convex and* 2-*convex functions*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w(x)$\end{document}$ *be the non*-*negative smooth weight function as defined in* ([3.1](#Equ4){ref-type=""}) *and satisfying the condition* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ w{''}(x)\leq0\quad \forall x\in I \quad\textit{and}\quad w{'}(x)=w{''}(x)=w{'''}(x)=0 \quad\forall x\in\partial I. $$\end{document}$$ *Then the following estimate holds*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{I} \bigl(\big|f{''}(x)\big| \bigr)^{2}w(x) \,dx\leq \int_{I} \biggl(\frac{ ({{f(x)}} )^{2}}{2}-\sup_{x\in I}\big|f(x)\big| \bigl(f(x)\bigr) \biggr) w^{(\mathit{iv})}(x)\,dx. $$\end{document}$$

We will start by the following theorem.

Theorem 3.3 {#FPar10}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x)\in C^{6}(I)$\end{document}$ *be a delta* 6-*convex function*. *Also f*(*x*) *is delta* 4-*convex as well as delta* 2-*convex*. *Then the following energy estimate is valid*: $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] \int_{I}\big|f_{2}{'''}(x)-f_{1}{'''}(x)\big|^{2}w(x) \,dx\leq {}&\biggl(\frac{5}{4}\| f_{2}-f_{1} \|^{2}_{{L^{\infty}}}+\frac{5}{2}\|f_{2}-f_{1} \|_{{L^{\infty}}} \bigl(\|f_{1}\|_{L^{\infty}}+\|f_{2}\|_{L^{\infty }} \bigr) \biggr)\\ &\times\big\| w^{(\mathit{vi})}(x)\big\| _{L^{1}},\end{aligned} $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w(x)$\end{document}$ *is the weight function satisfying* ([1.1](#Equ1){ref-type=""}).

To prove Theorem [3.3](#FPar10){ref-type="sec"}, we first prove the proposition.

Proposition 3.4 {#FPar11}
---------------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f, F \in C^{6}[a,b]$\end{document}$, *and* *F* *be* 6-*convex*, 4-*convex*, *as well as* 2-*convex function such that the condition* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \left . \textstyle\begin{array}{l@{\quad}l} |f{''}(x)|\leq F{''}(x)& \forall x \in(a,b),\\ |f^{(\mathit{iv})}(x)|\leq F^{(\mathit{iv})}(x)& \forall x \in(a,b),\\ |f^{(\mathit{vi})}(x)|\leq F^{(\mathit{vi})}(x)& \forall x \in(a,b) \end{array}\displaystyle \right \} $$\end{document}$$ *is fulfilled*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w(x)$\end{document}$ *be a non*-*negative* 2-*concave*, 4-*convex weight function satisfying* ([1.1](#Equ1){ref-type=""}), *then the following energy estimate is valid*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{I}\big|f{'''}(x)\big|^{2}w(x)\,dx\leq \int_{I} \biggl(\frac {5(f(x))^{2}}{4}+\frac{5}{2}\|f \|_{L^{\infty}}F(x) \biggr)\big|w^{(\mathit{vi})}(x)\big|\,dx. $$\end{document}$$

Proof {#FPar12}
-----

Take $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{I}\big|f{'''}(x)\big|^{2}w(x)\,dx= \int_{I}f{'''}(x) \bigl(f{'''}(x)w(x) \bigr)\,dx. $$\end{document}$$ Using the integration by parts formula and making use of condition ([1.1](#Equ1){ref-type=""}), we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] \int_{I}\big|f{'''}(x)\big|^{2}w(x)\,dx={}&{-} \int_{I} f{''}(x)f^{(\mathit{iv})}(x)w(x)\, dx \\ &- \int_{I} f{''}(x)f{'''}(x)w{'}(x) \,dx.\end{aligned} $$\end{document}$$ Now take the first integral of ([3.8](#Equ11){ref-type=""}) on the right-hand side. Using the integration by parts formula and condition ([1.1](#Equ1){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] ={}& \int_{I} f{'}(x)f^{(v)}(x)w(x)\,dx+ \int_{I} f{'}(x)f^{(\mathit{iv})}(x)w{'}(x) \,dx \\ &- \int_{I} f{''}(x)f{'''}(x)w{'}(x) \,dx.\end{aligned} $$\end{document}$$ Now take the first and the second integrals on the right-hand side of the latter expression. Using the integration by parts formula and making use of condition ([1.1](#Equ1){ref-type=""}), we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] ={}&{-} \int_{I} f(x)f^{(\mathit{vi})}(x)w(x)\,dx- \int_{I} f(x)f^{(v)}(x)w{'}(x)\, dx- \int_{I} f(x)f^{(v)}(x)w{'}(x)\,dx \\ &- \int_{I} f(x)f^{(\mathit{iv})}(x)w{''}(x)\,dx- \int_{I} f{''}(x)f{'''}(x)w{'}(x) \,dx.\end{aligned} $$\end{document}$$ Proceeding in the similar way and using condition ([1.1](#Equ1){ref-type=""}) and the definition of weight function, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] ={}&{-} \int_{I} f(x)f^{(\mathit{vi})}(x)w(x)\,dx+ \int_{I} f(x)f^{(\mathit{iv})}(x)w{''}(x)\, dx \\ &+\frac{7}{2} \int_{I} \bigl(f{''}(x) \bigr)^{2}w{''}(x) \,dx- \int_{I} \bigl(f{'}(x) \bigr)^{2}w^{(\mathit{iv})}(x) \,dx.\end{aligned} $$\end{document}$$ Now we take $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{I} \bigl(f{''}(x) \bigr)^{2}w{''}(x) \,dx. $$\end{document}$$ Using Theorem 2.1 from \[[@CR16]\], we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] \int_{I} \bigl(f{''}(x) \bigr)^{2}w{''}(x) \,dx={}& \int_{I} f(x)f^{(\mathit{iv})}(x)w{''}(x)\,dx - 2 \int_{I} f(x)f{''}(x)w^{(\mathit{iv})}(x)\, dx \\ &+\frac{1}{2} \int_{I} f^{2}(x)w^{(\mathit{vi})}(x)\,dx.\end{aligned} $$\end{document}$$ Now, using (2.6) of \[[@CR15]\], we have $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] \int_{I} \bigl(f{'}(x) \bigr)^{2} w^{(\mathit{iv})}(x)\,dx ={}&\frac{1}{2} \int_{I} f^{2}(x) w^{(\mathit{vi})}(x)\,dx \\ &- \int_{I} f(x)f{''}(x)w^{(\mathit{iv})}(x)\,dx.\end{aligned} $$\end{document}$$ Substituting ([3.12](#Equ15){ref-type=""}) and ([3.13](#Equ16){ref-type=""}) in ([3.11](#Equ14){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} ={}&{-} \int_{I} f(x)f^{(\mathit{vi})}(x)w(x)\,dx + \frac{9}{2} \int_{I} f(x)f^{(\mathit{iv})}(x)w{''}(x)\,dx \\ &-6 \int_{I} f(x)f{''}(x)w^{(\mathit{iv})}(x)\,dx+ \frac{5}{4} \int_{I} f^{2}(x)w^{(\mathit{vi})}(x)\,dx \\\leq{}&\sup_{x\in I}\big|f(x)\big| \int_{I} \big|f^{(\mathit{vi})}(x)\big|\big|w(x)\big|\,dx + \frac{9}{2} \sup_{x\in I}\big|f(x)\big| \int_{I} \big|f^{(\mathit{iv})}(x)\big|\big|w{''}(x)\big|\,dx \\&+6 \sup_{x\in I}\big|f(x)\big| \int_{I} \big|f{''}(x)\big|\big|w^{(\mathit{iv})}(x)\big|\,dx + \frac {5}{4} \int_{I} f^{2}(x)\big|w^{(\mathit{vi})}\big|(x)\,dx. \end{aligned}$$ \end{document}$$ Here, $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{gathered} \big|f{''}(x)\big|\leq F{''}(x), \\\big|f^{(\mathit{iv})}(x)\big|\leq F^{(\mathit{iv})}(x), \\\big|f^{(\mathit{vi})}(x)\big|\leq F^{(\mathit{vi})}(x), \\w{''}(x)\leq0, \\w^{(\mathit{iv})}(x)\geq0.\end{gathered} $$\end{document}$$ Using the above conditions, we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\begin{aligned} \leq{}&\sup_{x\in I}\big|f(x)\big| \int_{I} F^{(\mathit{vi})}(x)w(x)\,dx - \frac{9}{2} \sup _{x\in I} \int_{I} F^{(\mathit{iv})}(x)w{''}(x)\,dx \\&+6 \sup_{x\in I}\big|f(x)\big| \int_{I} F{''}(x)w^{(\mathit{iv})}(x)\,dx + \frac {5}{4} \int_{I} f^{2}(x)\big|w^{(\mathit{vi})}\big|(x)\,dx.\end{aligned} $$\end{document}$$ Using the integration by parts formula, we obtain $$\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \leq{}&\sup_{x\in I}\big|f(x)\big| \int_{I} F(x)w^{(\mathit{vi})}(x)\,dx - \frac{9}{2} \sup _{x\in I} \int_{I} F(x)w^{(\mathit{vi})}(x)\,dx \\&+6 \sup_{x\in I}\big|f(x)\big| \int_{I} F(x)w^{(\mathit{vi})}(x)\,dx + \frac{5}{4} \int _{I} f^{2}(x)\big|w^{(\mathit{vi})}\big|(x)\,dx.\end{aligned} $$\end{document}$$

Hence, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned}& \begin{aligned}[b] \int_{I} \bigl(f{'''}(x) \bigr)^{2}w(x) \,dx\leq{}& \biggl[\sup_{x\in I}\big|f(x)\big| \int_{I} F(x)-\frac{9}{2}\sup_{x\in I}\big|f(x)\big| \int_{I} F(x) \\ &+6\sup_{x\in I}\big|f(x)\big| \int_{I} F(x)+\frac{5}{4} \int_{I} \bigl(f^{2}(x) \bigr) \biggr]w^{(\mathit{vi})}(x) \,dx,\end{aligned} \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \int_{I} \bigl(f{'''}(x) \bigr)^{2}w(x)d \leq \int_{I} \biggl(\frac {5(F(x))^{2}}{4}+\frac{5}{2}\sup _{x\in I}\big|F(x)\big|\times \bigl(F(x) \bigr) \biggr)w^{(\mathit{vi})}(x) \end{aligned}$$ \end{document}$$ as the required proof. □

The following weighted energy inequality for the smooth 6-convex function can be obtained simply by taking $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \begin{document}$F=f$\end{document}$ in ([3.16](#Equ19){ref-type=""}), where $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$f\in C^{6}[a,b]$\end{document}$ and *f* and *w* satisfy the conditions of the last theorem. Then we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{I}\big|f{'''}(x)\big|^{2}w(x)\,dx\leq \int_{I} \biggl(\frac {5(f(x))^{2}}{4}+\frac{5}{2}\|f \|_{L^{\infty}}f(x) \biggr)w^{(\mathit{vi})}(x)\,dx. $$\end{document}$$ The next result describes the energy estimate for the difference of two 6-convex functions.

Proof of Theorem [3.3](#FPar10){ref-type="sec"} {#FPar13}
-----------------------------------------------

Take $\documentclass[12pt]{minimal}
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                \begin{document}$F=f_{1}+f_{2}$\end{document}$ in Proposition ([3.4](#FPar11){ref-type="sec"}) to get $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \int_{I}\big|f_{2}{'''}(x)-f_{1}{'''}(x)\big|^{2}w(x) \,dx\leq{}& \int_{I} \biggl[\frac {5}{4}\big\| f_{2}(x)-f_{1}(x) \big\| ^{2}_{L^{\infty}} \\ &+\frac{5}{2}\|f_{2}-f_{1} \| _{{L^{\infty}}}\bigl(\|f_{2}\|_{L^{\infty}}+\| f_{1}\|_{L^{\infty}} \bigr) \biggr]w^{(\mathit{vi})}(x)\,dx.\end{aligned} $$\end{document}$$ □

We conclude the section with the following remark.

Remark 3.5 {#FPar14}
----------
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                \usepackage{upgreek}
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                \begin{document}$w(x)$\end{document}$ be the same as in the latter theorem. Then, by using Holder's inequality, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{I}\big|f_{2}{'''}(x)-f_{1}{'''}(x)\big|^{2}w(x) \,dx\leq\|\widetilde{f}\| _{L^{p}}\big\| w^{(\mathit{vi})}(x)\big\| _{L^{q}}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{p}+\frac{1}{q}=1$\end{document}$ and $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document}$$ \widetilde{f}(x)=\frac{5 (f_{2}(x)-f_{1}(x) )^{2}}{4}+\frac {5}{2}\|f_{2}-f_{1} \|_{L^{\infty}} \bigl(f_{1}(x)+f_{2}(x) \bigr). $$\end{document}$$

Proof of Theorem [2.1](#FPar5){ref-type="sec"} {#FPar15}
----------------------------------------------

For the continuous arbitrary 6-convex functions $\documentclass[12pt]{minimal}
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For the interval $\documentclass[12pt]{minimal}
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Now, writing inequality ([3.18](#Equ21){ref-type=""}) for the functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$ \begin{aligned}[b] \int_{I_{k+l}} \bigl\vert f_{m,2}{'''}(x)-f_{m,1}{'''}(x) \bigr\vert ^{2} w(x)\, dx\leq{}& c_{k+l} \biggl[ \frac{5}{4} \Vert f_{m,2}-f_{m,1} \Vert ^{2}_{L^{\infty}} \\ & +\frac{5}{2} \Vert f_{m,2}-f_{m,1} \Vert _{L^{\infty}} \bigl( \Vert f_{m,1} \Vert _{L^{\infty}} + \Vert f_{m,2} \Vert _{L^{\infty}} \bigr) \biggr],\end{aligned} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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